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Talk
-

Second Half ,

Conventions:
· A variety is a reduced separated

scheme of finite type overK . They need net

be irreducible on equidimensional in general.

- Smooth varieties are also assumed equidimensional.
- We identify A Speed = ".

- All schemes one locally of finite type
over 4.



tamma : be fix->> be a finite maphism of varieties.
-

Then (1) + : Sh(x) -> Sh(Y) is exact .

(2)· Supp(f() = f (Supp(E)) for all FeShIX)-

prof : (1) It suffices to show that foF is concentrated

at deree zero for FESh(X) .

We can check this or

stilles :
↑ is exact on finite descre

I

spacef y

ExF)y ERNFloy) = N(Flf-ys] = TTFx
- ()

cefiy?

proper base change there

is indeed concentral at degree zens.

(2) Note There f is closed since it is finite.

let T=SycY : [Fa5ty foY and S : SeX :E ob
-

If yeT then TE FO by (#), and so Escefily) with
SCEf"(g)

E 0. If xES then similarly (fnF)fu o
,

so f(S) :T-

Since f is closed
, suppifut : T =F = f(5) =fSuppl.

↳



F-sample If f is not even proper, both (1) and (2) in the
--

above lamma is false in general : considerK-503
E

> K.

Then (1) f( e-gog)o has cohomology type of a circle
F

and so of is not exact.

(2) suppl+ Isos)) = I

f (supp)(c-ss) = e-503



Part 3 SSmarth Mephisms/
-

& Recall that varieties inherit the analytic typology , which is
locally compact and locallyIntractible.

- Smarth morphisms of wietes correspond to submersions h& I
-

differential geometry . (We will see this precisely in lemma 2
.

2
.
1

· Indeed
,

a maphism of new singular vorieties is smeeth iff
-

the differential is suspective at all points.
· The following definition is the correct generalization to all varieties.

If (18 . 1 .
7
,Arapura] A mayhism of schemes :X-Y

ismeethof relative dimension m at peX ,
if there are

affine opens per V = f(p)
IS ↳ IS

Specify . -

, Ye, ...., brem)/8 : . .,gr·f, ... ful)->Spec (iny ..., ye3/1g ,.., 8 +)

I
- =n &where Fitlyp ..,

Plntm] and ((p)no n+m

gitKly , . ., Ye] J action Criterion at PE/
1 + H+m

-

We
say thatF is meth if it is smeeth at every

closed point peXS
and the relative dimension m is fixed

L

flu
-

for all closed peX U-> Vriehtm-> V- 50

Ir &
~ pr

&
-

↓
- l

-

i
.

e. locally - (0) mC -er

↓
-

↓ 5-fixf 8
=

g, x gr

sok"



Examples 1
.

The map to a point X-X is smeeh

precisely when X is smoothle at all points , ice

X is round byoffice opens of the form Specl[; n+m]/Ac., 9 1)
,

-

M

with rank()-n ,
with fixed relative dimension

m= dimX.

2 More generally, XXT-Y is smeeth

at pigeX *Y iff locally it is of the form

Spec pl.., mm) /If,...,
fu) @KLy y (18 /grS

- Spec K(y , .

., ys]/18 % ...gi

and & firank Eaj'p, g)) =1.
.

But this is again equent

to the varietyX being smeeth at p.

3. An open embedding (of schemes) 2-X is always

smooth of relative dimension O
.



SiNon-example 1
. The multiplatin map defined by
2

C = A = + A

defined by CEsy]=CE] /on closed points :PhylEsy)
xyc z

2

is not smooth at 10
,
0) EC

,
since the Jacobian

: (x) is zeo when P2 , y) = 0,0

2. Maps of varieties with wrong dimension :

f /I 2 and Y are varieties with dimX < dim Y,

then I smeeth morphism of votieties X-Y.

(This is obvious in our definition , locally . )

Exercise : Smoothness is closed under base change .

In particular, smoth morphisms have smooth fibes with

dimension equal to the relative dimension of the smoth

maphism.



Theorem[Generic smoothness] .

Let f :X- · ↑ be a marphism of

varieties
,
andessume X is new-singular. Then there

is a non-empty Earski open subse HEY such that

flomus : f (U) -> H is smeeth.

prof : See HHartsheme Colby 10 .7]. E (2 K

IS IS

Example. For the multiphenter map Speciy] -> Spar DCE] ,

The restriction D(y) - Yo] is smeeth;
since the differential is sujective.I

Remark : If # FY
,
then one has U := Y-E) #Y

,↳( (
and the there always restrictf to #10 :0- >U.

If"A morphism isEstate if it is smooth of relative
dimension zepp .

(x1,-]E
↑mark - etale => quasifinite . (In our definition this is obvious : inful

has fines my slotes

- Anetale morphism of varieties/ is a lead

homesmorphism .

It is a covering mapif its54) Talk 3 :Is
proper

and sunjective. &
a E

Chemma 2
.

1
. 14 Acher) push formed an Local systems

Tis exact in this case->



Part 4 & Smooth Base Change.

Term [Smeeth Base Change ,

Acher These 2.
2

.
27

Suppose the following is a currenion square of varieties

Slover 4). XE)
-

fl If
YE- Y

Assume that g is a smooth morphism of schemes
.
Then

for FCD"(X)
,

the base change map

&*F ->filg') =

is an isomorphism.

Remark : Note that the smoethness assumption is necessory,
g

again due to p-> k -50]
-

# If
->Cos < I
g

(It is clear 103 - I is not smeeth)

As we have seen in the last two talks,

fr(gi () = 0

but &* full) = RT(e) + o



Smooth maphisms of relative dimensionm are

topological submissions of relative real dimension 2M.
Comma 2 .

2.
-

let P:X-> 7 be a smooth morphism of relative dimension m.

Then for any peX ,
there is an analytic neighbowheed Hop,

an analytic neighborhood VF P(p), an analytic open set

M& "That is homemaphc to Km ,
and a biholonosphism

b : U= VXM such that the following diagram commutes :

X ,
- nE - V=M

+ ↓ · Ind -
Y = - V - pr

l +m +1
& + M d

meet : Assume YCK? , XCK ,
and fi K + m

= I
-I as before.

l +m+ n

We renumber the coordinates of K so that the

last a columns of the matrix nam is linely

independent. Then the matrix (1) in, me j M +1) /1 = pj

M

is invertible . Write p
= (g , pl,p") , whe ge ? pEK ,pie,1

from here
,

a proof with commutate diagrams may be clearer.
see page after the remaining proof.



See P. 18
,

Therem 15
,
Several Complex Variables and the

b Geometry of Real Hypersurfaces, D'Angels

By the helomorphic implicit function therems E analytic open

W,
lem

containing (g ,p) , Equalyte open We d "containing,
1/ The
p ,

and thelomephe map G
: W.

--We such that

map hi w
--( (0) 1 (WitW2)([pe + m +

H)
defined by u 1-> (r

, he (ul)

is bijective land has invese
map

the profession).

Now we replace W , by a smaller set of the form VorM,

where VoCK2 is an alte open neighborhood of g and

MCM is an analytic open neighborhood of p' such that

M is homomaphic to $2·

There we have

(e) f+(0)Vo +M +Wa VM ( xY)
-

pr. /-pr
Vo Ech

Putting U= (VoM +Will X and V = VolY,

the above restricts to n V=M
,

as desired.
↓ -
va

pr



Recall that a smeth maphism is locally of the form

Specify . -

, Ye, ...., brem)/8 : . .,gr·f, ... ful)->Spec (iny ..., ye3/1g ,.., 8 +)
.

This can be expressed as the white/blue part of the

everywhere contesion diagram of tepological spaces below.
v

=mI M

-- v!
IS

- ↑&
smooth-y - > oh

Implicit VoxM!
Y
Pi !

↓
holmaphic

T M

function of f ↓eS-& M! ↑ !v
(Vo + M+N2)lf 01-> orMaWe-- Vo

L pY ↓ ↓ L

f( -> > el- er
I g = g, +... gr

↓ ↓ f : f, x . . . fr

joy-> K
M

↑brush raphic
The green part is supplied by the hotomaphic implicit function

throm. The yellow part restricts the constructions to X-Y.

The red map is a bihelomorphism since it is a restriction of one.



ofof Smeeth Bree Change There

Recall we want to show that for a cartesionsquare

gl
X- X of voires withg smeeth that for FED*)
↓

I'l If
g

*F ->6) *

F is an isomorphism,
Y-> Y

g

It suffices to show this leally on Y .

So let pey' and

PENCY ,
FIREVLY be analytic open nigh beahods

supplied by theComma. Then UEVAM as in the kuma

and this by open base change + trind fibration base change
-

/

il , "produce
X

M-X-&Y &
~↓

for m
*

i fr
7 y-> >

# ↓ 21
I -> g

VMFp4
and observing that the faces of the commuting case except

top an better faces are contesion squares, one can check

"g"fuFEL"fig"F, have gfIF) Efig .. #



To cenclude - Rashforward by a proper morphism/locally trinal fibration-
#

&

is nich when restricted to Doc ,
i
.

c
.

the

objects with cohomology sheares that are loca systems,

- Pullback by a smooth morphism is always nice .

-> locally trivial -

fibration↓(i) ( I 17Il
v
->

smooth-surjective smooch

Disc
D

+


